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Abstract 

We improve results 6 3 4 5 regarding the stability and attractivity of solutions wofa 
large class of initial-boundary- value problems of the form 

(— e(£) Uxxt + iHt — C(t) u xx + (a'+a)ut = F(u), x€\0,n[, t>t , 
(1) 
u(0,t) = 0, u(7r,i) = 0, 

u(x,to) —Ui{x), ii t (x,t ) =ui(a;), with uo(0) = ui(0) = uc(tv) —u^tt) =0. (2) 

Here to > 0, e € C\l,I), C £ C\l,R + ) (with I := [0, oo[) are functions of t, with C(t) > 
C — const > 0; F(0) = 0, so that JT]) admits the null solution u°(x,t) = 0; a' — const > 0, 
a = a(x,i,v,u x ,ut,u xx ) > 0, e(t) > 0. In the proof we use Liapunov functionals W depending on 
two parameters, which we adapt to the 'error' a. 
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1 Introduction 

The class (PO includes (see e.g. the introduction of |Q) equations arising in Superconductor 
Theory [SHU [J] and in the Theory of Viscoelastic Materials 9 . We generalize theorem 3.1 of [B], 
to which we refer also for examples. To formulate the notions of stability and attractivity jlOj E] 
we use the distance d(t):=d(u, Uf,t) between u,u a , where the norm d(cp,tp,t) is defined by 

d\^,t) := £{e 2 (t)vL + vl + ^ + *P 2 }dx. (3) 

e 2 plays the role of a i-dependent weight for ^p\ x \ for e = 0, d reduces to the norm needed for the 
corresponding second order problem. The vanishing of Lp,ij) in 0,7r implies |<p(x)|, e(t)\if x (x)\ < 
d(tp, "0, t) for all x; a convergence w.r.t. d therefore implies a uniform (in x) pointwise convergence 
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of if, and also of ip x if e(t) ^ 0. Throughout the paper to € I K '■= [ K , oo[, k£R, (>0. For any 
function /(t) we denote / = inf t>0 /(*), / = sup t>0 /(i). 



Def. 1.1 u° is stable if for any <7€]0, £] there exists a 8(a, to) >0 such that 

d(t a ) < 8(a,t ) d(t)<a Vt>t eI K . 

u° is uniformly stable if S can be chosen independent of to, 8 = 5(a). 



(4) 



Def. 1.2 w° is asymptotically stable if it is stable and Vio € / K , v > there exist 8 (to) > 0, 
T(y, to, uq,ui)>0 such that: 



d(to) < 8 



d(t) <v yt>t +T. 



Def. 1.3 u° is uniformly exponential- asymptotically stable if 38,D,E >0: 

d(t )<<5 < Dexp[-B(t-* )]d(to), Vt>t Q eI K . 



(5) 



(6) 



2 Main assumptions and preliminary estimates 

Assumptions I: We assume that there exist constants k > 0, h>0, A > 0, u > 0, p>0, fi > 0, 
t > such that 



F(0) = 0, F z (z) < k+h\z\" if|z|<p. 

C>k, C-i>(i(l+e), p+C/2-2k>0, e>-oo. 

< a<Ad T (u,u t ,t), a' + e/2>0 



(7) 
(8) 
(9) 



(we are not excluding a' < 0) . Setting h — in ([7J one obtains the analog assumption considered 
in Ref.jS] ; the present one is slightly more general as it may be satisfied with a smaller k, what 
makes (|8]h weaker, and/or a larger p. Upon integration ([7]) implies for all |</?|</5 



fF(f)<kf2 + -^\f\^, 



ZJ+TI^I ' JO e V-) az ^ K 2 + (c^fl)(wf2)- 

We recall Poincare inequality, which easily follows from Fourier analysis: 

4>eC\]0,Tr[), </>(0) = 0, <f>{n)=0, ] (g(x)dx >] (j) 2 {x)dx. 



We introduce the non- autonomous family of Liapunov functionals[B] 

w(f,^,t ;i ,e) 



(10) 



(ii) 



o 



7 V>V(evVz-#+[C(l4 7 )+£^ / F®fe 

o 



Y 
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depending on two for the moment unspecified positive parameters 9, 7. Let W(t; 7, 9) := W(u, Ut,t; 7, 9). 
In Ref. [6] we have found 



W-- 



(o+aOCL+r)- 



ear 9a' 



C-e C 



u 2 +e(C—e) 



C-e __ 2 



n 2 



+ ^( Cr -- ) " 
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u 

+[c(f-a')+£+ (C-£)(a'+0)-(f+7)C-2£F n ] ^ + ^ (u£- M 2 ) + ^ [ M + §u t ] 
Provided |u|<p, 6* > max{2a', — a'}, /i(a' + 9)>2k, (fTTj) with (j)~u t ,u, implies 



£7+(a + a')(l+7)- 



2 2 2 

u t +-fj,e u xx - 



Ma' + 0) + Ma' + 9)-2(k + h\u\")}e-{l+~f)C 



<- 



s 1 +(a+a'){l+ 1 )-9-a 2 [- + = 



cr--a\+i 



C_ 

2 



-(l+7)C Y +a'(^-C) + [M(a' + 0)-2fc]e 



^-/ie|ti| w u2-^|u|<^ 2 }-dx. 



To find an upper bound for W we make Assumption II: 

V7 > 3t(7)e[0,oo[ such that (7(1 + 7) <f for i>t. 



(12) 



(13) 



(fT3| is fulfilled by f( 7 ) = if C< 0, by some t(j) > if C — ™0. (O implies e< 0: e>0 would 
imply e > £t+i(0), s > It 2 /2+e(0)i+e(0) and by ©2 that C grows at least quadratically with 
t, against (Tj"3|) . We choose 



> 0i := i 
7 > 71 (ct) 



:{2a',f-a', 



5— e—a f (p— C) 



M+C/2-2fc 



732 



(14) 



(o'4c) C, 

These definitions respectively imply, provided t > i and cZ(i) <<J<p, 

9(^+C/2-2k)+[fi{a , + 9)~2k}e+e-(l+j)C+a , ( t i-C) > 4, 



£7+(a+a')(l+7)- 



M C 



[(1 + 0+1/2) 
d 2r > l+a' + e/2 > 1. 



(15) 



If 0<d(t) <<j (12]), (US) imply for all t > i the upper bound for W 



e\u\ ul u 2 x + —-\u\ uHJ2 
1 1 x cu + 1 1 1 



W(u,u t ,t; 1 ,9)<-i 1 d 2 (t) + h 



dx 



< 



v +h2f(e(t) + z ^jd^d 2 (t), r,:=win{l,^}. 



(16) 
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From the definition of W it immediately follows 



(£(p xx -2llj) 2 {s(fi xx -lp) 2 2 (fi\ 



2 

2 H^xx 



Using © 2 , (HOI and (JTTJ) with 0(a;) = tp(x) we find for |<p| <p 
„o 1 







2 | fc fxx 



lM\ n+a +- ] e 



2/ v y ' (w + l)(w + 2) 



Choosing > 2 : = max { l , } , 7 > 72 (a) : = 7l (a) + 6 2 + 1 we find 



W> 



7" 



^2 +£ 2^ + 

4 



i + (l+7)( 



C-fc- 



2fe|(p|" 



)M 



da;. 



(w+i)(uH-2)y 

By the inequality \tp\ <d the expression in the last bracket is positive if 

d(t) <a < p 2 := minjp, [(C r -fc)(w + f)(cj + 2)/2/i] 1/ "| . 
Hence for d< a the last square bracket is larger than 1/4, and we find the lower bound for W 
W{fp,il>,trn,B) > xd 2 &,*P,t), X :=§min{£,AH>+a' + §)e}>0. (17) 
We also recall the upper bound for W proved in [B] for d < a: 

W(<p,il>,t;>y,0) < [l+ 1 (a)]g(t)B 2 (d). (18) 

The map d G [0, oof— > B(d) € [0, oof is continuous and increasing, hence invertible. Moreover, 
B(d) > d. Here we have chosen 7 and defined 



7 > 73(<t) := 72(^) + l + S 77 i + K + l)^ - 731 + 732 ^ 2r , 



731 := $±+6 2 + 2+^ + (a' + l)9, g(t) ~C(t)- e ^ + l> 1, 

m(r) := max{ I F c (C)| : |C| < r} , B 2 (d) := [l+m(d)] d 2 . 

Fixed cre]0,p 2 [, if rf<CT we find B 2 {d) < [l+m(cr)}d 2 and, by (p1iT8]). 



(19) 



(20) 



A(er) is positive-definite and decreasing. By the Comparison Principle [TU], W(t) <y(t) for t > t , 
where y(t) solves the Cauchy problem 



y = -ly+ny 1 ^' 2 , 



y(t ) = Wo := W(t ) 



and we have to choose to > i. As known, the change of variable z = y^^l 2 reduces this Bernoulli 
equation to the linear one i = zluj /2 — nuj /2, which is easily solved to give the following com- 
parison equation for W for t>to: 



W(t) < y(t) = W e ' jl - W 2 |/n(r)e ^ Jt o ^Fodrj 
A sufficient condition for W(t) to be negative is that n/l < W~% , namely 



(21) 



n(t)g(t) 
A 



2 



n(r)e 2 Jt o sFTrfr 



to 



or equivalently, after some algebra, that 
W ~ f > s(t;to,cr), 

. "(«)»(*) „~ 



rt _d 



s(t; t , a) := "^ tj e 2 ' Jt o iF) +| J t *n(r)e " 2 " <f r . 



(22) 



Summing up, W(t) is decreasing and fulfills (|2"Tj) in [io, oo[ if d(t) < a and ([22]) is satisfied for all 
t > to, or equivalently if 



5(t ,«r):= sup s(i;i , er)<oo, A(t , cr) :=S(t , <r)W 2 <1. 

[t .oo[ 

We give upper bounds for s(t,to,a), S(fo,a) using g only: (Qj|])3, ©2 imply 

g = i[C-£] + § + 1>§ (l+e) + f + 1 =*> < n(t) < ai[a 2 + g{t)}, 



where ot\ = — j™-, a 2 



MX 



/2. Hence, as announced, 



(23) 



~T3 9 {t 



A f_dT_ 

J g(T') 



(t;t ,a)<f[a 2 +g(t)]g(t)e +|/a 1 [a 2 +. 9 (r)]e <o' v 'dr 



= f [a 2 + S (*o)]5(to) + ^ f t e K ° & g{r) [a 2 + 2g(r)]dr 

lk~^ ^° N + 2g(r)]c?7 



<tf[a 2 +g(to)}g(t Q ) + ^ 



1+73(0-) 2 



(24) 



where we have integrated by parts and used (flU)) to get g — C—e/2< 1/(1+73)— e/2. As £<0, the 
second square bracket is positive; the last integral is an increasing function of t as its argument 
is positive, whence 



Sfaa)<^[a 2 +9{to)]g{tQ) + 



1+73(0-) 2 



g 2 JtQg{T f ) 



a 2 + 2g(T)]dT, 



In 



5 



and S(to, a) < oo for all to > if 



G(a) :=hf~ 



f T dT ' 

' J o b(t') g(j)dT < oo. 



(25) 



Let a' M := sup{cr £ R + | G(cr) < oo}. If h = 0, then G(cr) = 0, < f = oo and any W fulfills p3])?. 
It is cr^ = oo also if ft, > and e.g. < K' + K"t a with some K', K" > 0, < a < 1; whereas 
/i>0 and e.g. g(t)<K' +Kt with some if'>0, if^O, "^ ^ [ gives a finite cr^ f >0, determined by 
A(aV) = 41f/w. 

The inequality <r' M > and ([23]) imply J -jk = oo: in fact, if it were f™-jk < oo it would be 



rr dr 

JO 9 (t') 



> L:=e" 



JO g( 



') >0, whence G(ct) > hL J Q °°g(T)dT — oo, for all a>0. 



3 Stability and asymptotic stability of the null solution u c 



Theorem 3.1 Assume conditions 
if a' M > 0, asymptotically stabl 
asymptotically stable if g < oo 



P|] and either G < for all t G I , or C — > 0. u° is stable 
dt 



if a' M >0, asymptotically stable if moreover J °°-j|y = oo. u° is uniformly stable and exponential- 



Proof. We first analyze the behaviour of r 2 (er) := 1 _^ 3 ^ = 1+731 ^ 73 , tr 2r ■ By P^jl i the positive 
constants 731,732 are independent of a, to- r{a) is an increasing and therefore invertible map 
r : [0, a M [-> [0, r M [, where: 



cr M =00, 
a M = 00 

2r 1+73 



a 



732 (t-1) ' 



J"m = 00, 

r M = [^ I ]^/v^7 3 f : 



if re[0,l[, 
if r = l, 

if t>1, 



[in the latter case r(a) is decreasing beyond a M ]. Next, let £ :=min{p, a M , cr' M } if the rhs is finite, 
otherwise choose £ £ R + ; we shall consider an "error" ctG]0,£[. We define k := t [73(C)] an d 



<5(<7, to) '■= min< j3 1 



_fVx_ 



B- 



[S(to,a)Y 



V / s(*o)(l+T3(cr)) 



(26) 



<5(<t, to) belongs to ]0,o-[, because d<B(d) implies -B 1 (d) < d, whence B 1 cr^fxl \J ff(*o)(l+73) 
cr/4, and is an increasing function of a. t("y) was defined in fj 13|) : it is ^(73(0)] <k, as the function 
£73(0)] is non-decreasing. Mimicking an argument of 016] we show that for any to > k, ctG]0,£[ 



< 



d(t ) < 6(a,t ) 



d(t) <a yt> t . 



(27) 



Ad absurdum, assume (|2"T|) is fulfilled for all t£ [to,ti[ whereas d{t\)—a, with some t\ >to- (|23|) 
is trivially satisfied if ft = 0; if h>0 it follows from 

W <[l+73]5(io)S 2 [d(to)] < [l+j 3 (a)]g(to)B 2 [S(a,to)] < [S(t , a))~^ , 



6 



where we have used (fT5j) . ([25]) in the first and last inequality. It implies that W(t) = W[u, u t , t; 73(a), I 
is a decreasing function of t in [to, ^i]- Using (|17l) and again (fT8|) , ([26|i we find the following con- 
tradiction with cZ(t 1 ) = a: 

Xd 2 (h) < W(h) <W < [l + l3 (<j)}g(t )B 2 [S(a,t a )] < X ° 2 ■ 

(|27p amounts to the stability of u°; if g < 00 we can replace g (to) by g in the first inequality of 
(|24p and obtain by integration the stronger inequalities 

(28) 



s(t;t (h a) <^[a 2 +g]g => S(t , a) < [a 2 + f\ g; 
because of (f28|) we find the uniform stability (Def. 1.1) with 



6{a) := min < B~ x 



, B- 1 



Let now 5(t ):=6(£/2,t ). By $F7$ we find that, for any t >K, d(t )<S(t ) implies d(t)<£/2 

ng(t) 



for all t>t . Choosing W(t) = W[u,Ut,i;7 3 (£/2),0], on one hand (JTS) becomes W(t) < j$fbd 2 (t), 



while by (|22 |) . (|23j) 

W r o fs (* ; *°'l) =W o f i^7^e^ A © / A^ + |^ri(T)e" fA ® / *o#Tdr <A^ ft |) 

with A(t ,£/2) < 1, and l-W^(n{T)e^ X ^^oW T ) dr > l-A(t ,£/2) > 0. These inequalities 
and JHJl, flUJ imply 



d\t) < < mi e 
w — X X 



I -Si 2 /n(r)e '^dr 

to 



>)ff(t )rf 2 (t ) ^n^T 

^ ^x e 



1-Ai 



(io,f) 



with A = A(£/2). The condition J Q ^4|y =00 implies that the exponential goes to zero as t — > 00, 
proving the asymptotic stability of u°; if 5 < 00 we can replace g(to),g(r) by 3 in the last 
inequality and obtain 



A(g/2) 



(t-t ) [-A(t ,e/2)]- 



d2 W< rf2 (*o)i^%exp 
proving the uniform exponential-asymptotic stability of u°: set in Def. 1.3 
6 = 6(Z/2,t ), D = ^^ 
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